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The effect of surface deformation on the onset of thermosolutal convection in a horizontal thin
layer heated from below and salted from above is examined, using linear stability theory. It is found
that two critical Crispation numbers Cr; and Cr, exist. For Cr < Cr, the instability mechanism
remains uneffected by the deformation of the free surface, whereas for Cr; < Cr < Cr, the critical
Marangoni number (M) decreases, showing instability due to deformation. If Cr=Cr,, M_ is
obtained for two values of the wave number. When Cr > Cr,, M_ decreases as the wave number
tends to zero. Further, the effect of the Marangoni number, Biot number, Bond number etc. on the

stability characteristics of the problem is discussed.

1. Introduction

Calculations of the onset of thermal convection due
to variations of the surface tension with temperature
were first performed by Pearson [1]. He showed that
these variations can lead to convection in a fluid layer
even in the absence of buoyancy. This effect is due to
the shearing forces produced in the surface layer by
gradients of the surface tension and is known in the
literature as Marangoni effect. Later several authors
[2-5] studied the effect of different kinds of body
forces and thermal conditions on Marangoni convec-
tion. The frequency of these attempts has increased
recently because it was realized that Marangoni con-
vection plays a role in crystal growth under micro-
gravity conditions. In most of these studies the free
surface is considered to remain undeformed, which is
unrealistic.

Scriven and Sternling [6] considered the deforma-
tion of the free surface and showed that disturbances
with zero wave number are always unstable. Smith [7]
considered a deformable free surface and studied the
gravity effects. Zeren and Reynolds [8] and Davis and
Homsy [9] additionally included buoyancy effects, but
in all these attempts exchange of stabilities has been
assumed without proof. Therefore these studies are
incomplete in the sense that they have not explored
the possibility of other modes of instability, viz. the
case of overstability. Takashima [10,11] considered
the gravity wave effect on both stationary and oscilla-
tory instabilities for a pure Marangoni convection and
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pointed out that overstability is possible only when
the rigid wall is cold. Recently Benguria and Depassier
[12,13] reported that oscillatory instability may occur
at a smaller Rayleigh number than steady convection
if the heat flux is fixed on the free surface and the lower
surface is rigid and isothermic.

One of the problems associated with the growth of
large semiconductor single crystals with uniform ma-
terial properties either from melts or from aqueous
solutions in microgravity conditions is the develop-
ment of striations or segregation bands parallel to the
melt-crystal interface. These striations are regions of
varying impurity concentration, the underlying cause
of which seeming to be a time dependent crystal-
growth speed brought about by temperature oscilla-
tions in the melt. The origin of the temperature oscil-
lations is due to the presence of instabilities in the flow
field of the melt (Wilcox [14]). Chun and Schwabe [15]
pointed out that the crystal growth from the melt is
controlled by heat and mass transfer, i.e. by convec-
tion.

Hurle [16] has reviewed the hydrodynamics of crys-
tal growth and pointed out the need for further de-
tailed study of the problem under near-zero-gravity.

The problem of thermosolutal convection in a layer
heated from below and subject to the distribution of
solute was discussed by Veronis [17]. He neglected the
variation of surface tension with temperature and con-
centration and assumed that the surface is flat. This
discussion was extended by McTaggart [18] to the case
of a concentration and temperature dependent surface
tension for an undeformed free surface. In the present
paper we study the onset of convection in a horizontal
layer of fluid heated from below in presence of varying
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solute concentration. We assume that the surface ten-
sion varies with both temperature and concentration
and that the free surface is deformable.

2. Formulation of the Problem

Consider a horizontal liquid layer of mean thick-
ness d with a free upper surface open to the ambient
air. The origin of the cartesian coordinate system
(x', ', ') is at the rigid bottom plane and the z’ direc-
tion is upward. Let T, and S, be the initial constant
temperature and concentration, respectively, at the
bottom. Further we assume that all physical proper-
ties of the liquid are constant except the surface ten-
sion, which is a linear function of temperature and
concentration.

In most of the crystal growing processes the melt
zone is very thin. Specially in the floating zone tech-
nique the thickness of the melt zone varies from 1 to
7 mm. In this thin layer one may neglect the effect of
buoyancy, as pointed out by Takashima [10, 11] and
Tan, Bankoff, and Davis [19] by treating the density g
as constant.

Under this assumption the governing equations are
given by

V-qg=0, (1)
Oq 1

= Vg=gé,, — —Vp+9V3q, 2
a[+q =gty — p+3Vq )]
oT

— +q - VT=kV?T, (3)
ot

oS

r +q-VS=ksV?S, )

where g(=u,v,w), é,.(=0,0,1), p, %, g, T, k1, S, and
kg denote velocity, unit vector along z’ direction, pres-
sure, kinematic viscosity, acceleration due to gravity,
temperature, thermal diffusivity, concentration and
mass diffusivity, respectively.
The boundary conditions are:

At the rigid plane (z'=0)

qg=0, T=0 and S=0. 5)
At the free surface (z'=d+7n'(x, y', t")),

on’ on’ on’

+u— +

o o Ty
S;inin=2ASy, (7)

R L

=W, (6)

S;jnjt; =S, (8)
T,+H(T-T,)=0, ©)
S,+GS=0. (10)

In the above conditions the subscripts n and s rep-
resent the normal and tangential derivatives at the
interface, respectively. Equation (6) is the kinematic
boundary condition at the liquid gas interface. The
stress balance at the interface in normal and tangen-
tial directions are given by (7) and (8), respectively.
The jump in the normal stress across the interface is
balanced by the surface tension times the mean curva-
ture 4, and the jump in the shear stress equals the
surface tension gradient along the interface. In these
equations S;;, 7, f, Sr, H, and G denote the stress
tensor for the incompressible viscous liquid, unit out-
ward normal vector, unit tangent vector, surface ten-
sion, heat transfer coefficient in the gas liquid interface
and the mass transfer coefficient in the interface, re-
spectively. Here we assume that the temperature of the
gas T, is constant.

It is to be noted that there exist the following steady
solutions

a4 =0=w=0,

P =pateg(d—2),
T= T()*lea
S_ =S0+ﬂ1 Zly
H(T,-T,
where p, is the atmospheric pressure, f = _1(-:ch0)

and f, = —GS,/(1 +Gd) are the adverse temperature
and solute gradients, respectively.

Following the standard method of linearised stabil-
ity analysis, this basic state is perturbed as follows:

q=4+q'(x,y,z.1),
p=p+p (x,y,2,1),
T=T+T'(x,y,z,t),
S=8+8(x,y,z,t),
and expresses the system (1)—(10) in its linearised

form.
Now, introducing the scales for the variables as

(x’,y’,z’)=d(x,y,z), [I=(d2/kT)ta ‘I=(kr/d)q,
p'=(ekz/d*)p, T'=(Bd)T, S'=(B,d)S and n'=dn

in the linearised system of (1)—(10), we obtain the
following dimensionless parameters:



556

P. = 3/k; the Prandtl number,

Cr =9 3ky/1d the Crispation/Capillary number,
B, =0gd?/t, the Bond number,

B; =Hd the Biot number,

B; = Gd the solute Biot number,

M =vyBd?*/o3k; the Marangoni number,
M'=7y'B,d?/o 9k, the solute Marangoni number and
T =kg/ky.

In the foregoing analysis we have assumed the vari-
ation of surface tension as

Sr=10—7(T—T5) +7"(S — So), (11)
where - -
o Py il
v=gr =g

Here 1, is the surface tension for T=T, and S=S,,
y is positive and y’ may be either positive or negative.
It is to be noted that when y’ >0, the free energy will
be minimum if the impurity is distributed over the
melt surface nonuniformly. Although the actual redis-
tribution of the impurity over the surface and in the
bulk of the melt is more complicated, yet the impurity
distribution will be a maximum in the low tempera-
ture zone (Avduyevsky [20]).

Eliminating the pressure and the horizontal compo-
nents of velocity, viz. u and v, from the linearised
momentum equation, we follow the procedure for lin-
ear stability analysis (Chandrasekhar [21]) by decom-
posing the spatial dependence in terms of normal
modes:

w, TS, n) =[W(2), 0(2), ¢ (2), Z]
~explitk,x+k,y)+wt] (12)
and finally obtain the following set of equations after
using a®=k2+k? as

(D?*—a*)(D*—a*—~w P "YW =0,

(D*—a*—w)0=—W, (13a-c)
[1(D*~a’)~w]p =W,

subject to the boundary conditions
W=DW=0=¢=0 at z=0, (14a—d)

W=wZ=0,
Cr(D*-3a*>*—~wP " ")DW—a*(B,+a*)Z =0,
D*+a®>)W+a*(MO—-M'¢)—a*(M+M')Z =0,
(D+B,)0—B,Z=0,
(D+B})o+B,Z=0.

at z=1 (15a-¢)
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For Cr =0, we arrive at the same set of equations as
considered by McTaggart [18]. The differences arise
due to the use of different characteristic scales. Mc-
Taggart considered the problem as heated and salted
from above, whereas here we have considered the case
when heated from below and salted from above. To
get the same notation as that of Vidal and Acrivos [22]
and with McTaggart, the following changes are to be
made:

0=—0, p=1"'C, M't"!'=B;,
M=B; for B,=Cr=0.

3. Stationary Convection

In this paper we shall only study the stability char-
acteristic for stationary convection. The guiding equa-
tions can be obtained from (13)—(15) by setting w = 0.
They read

(D*—a®)* W =0, (16a—c)
(D*—a*)0=—W and t(D*—a*) =W,
subject to the boundary conditions,

W=DW=0=¢=0 at z=0, (17a-d)

and
W=0,
D*W+a*(MO—M' o)

Cr(M+M')(D*—-3a*)DW

_ 5 =i,
(By+a®)
B.Cr
D+B)0= ——2— _(D*—3a)DW =0,
D+B)0= o (D*=3a)
B/C
(D+B)o+ ——""_(D*—3a%)DW =0.

a*(By+a?)
at z=1 (18a-d)

4. Solution and Numerical Results

The solution of (16 a) subject to the boundary con-
ditions W(0)=DW (0) = W(1) =0 can be obtained as
W=A|[zsinhaz+ K,(sinhaz—azcoshaz), (19)

similarly the solutions for the set (16b, 17¢, and 18c¢)
and (16c, 17d, and 18d) give as

A
6= Yy [K,sinhaz—az*coshaz +zsinhaz
a

—Ky,a(3zcoshaz—az?sinhaz)) (20)
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Fig. 1. M versus a for different values of Cr and fixed values
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Fig. 2. Variation of —log Cr with t for M'=5, B,=0.1 and

B;=B/=0. — for Cr, - - - - for Cr,.
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and
A . 3 .

¢= 1. [K,sinhaz—az*coshaz+ zsinhaz

+Ky,a(3zcoshaz—az?sinhaz)], (21)
where
K0=Sa/(aca—sa)’
K,=[(By+a*{a*>C?+S%+aS8,C,

+B;(a*+aS,C,+52)} (22)

—8B,Cra*]/[(By+a’)(aC,+B;S,)(aC,—S,)),
K,=—[(By+a*) {a*C2+S2+aS5,C,
+Bj(a*+aS,C,+S2)}
—8B;1Cra*)/[(B, +a*)(aC,+B;S,)(aC,—8S,)],
S,=sinha and C,=cosha.

It is clear that to obtain the solutions for W, 6, and ¢
we have not used the boundary condition (18 b) so far.
Using (19), (20) and (21) in (18 b) we get an eigenvalue
relationship among the parameters M, M’, Cr, 1, B,
B;, B/, and a as

8a(By+a*(a—S,C,)
M [Scr“5 Cut (Bo+a?)(S3—a® C")] 23)

(aca+BiSa)
M'[81Cra®C,+ (By+a*(S3—a*C,) o
T (aC,+B;S,) e

Setting M’'=0 in (23) we arrive at the relation ob-
tained by Takashima [10] for pure Marangoni con-
vection with deformable free surface. Again for
B,=Cr=0and replacing M by B; and M’ t by Bg one
can arrive at the expression obtained by McTaggart
[18].

Figure 1 shows the variation of M versus a for dif-
ferent values of Cr and fixed values of M, t, B,, and
B; and B;. It is clear from Fig. 1 that there exist two
values of the Crispation number, Cr; and Cr, (say),
such that when Cr < Cr, the instability mechanism is
not effected by the deformation of the free surface
while for Cr;<Cr<Cr,, the critical Marangoni
number M_ decreases, showing instability due to de-
formation. It is to be noted that the critical wave
number a, takes the value 1.99 for Cr < Cr, but for
Cr,<Cr<Cr,, a,=1.96. For Cr=Cr,, M, can be
obtained at two values of the wave number, viz.
a.=0.008 and 1.96. When Cr > Cr,, M_ decreases as
a tends to zero. Figure 2 shows the variation of Cr
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Table 1. Effect of T when salted from above.
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T Crl acl Mn CrZ Mcz aczl aczz
0.05 4x107° 311 2516 x107! 1.4x1072 0.1 0.003 3.11
0.07 1x107¢ 1.99 8.178 53x1073 7.24 0.008 1.96
0.1 7%x1077 1.99 29.607 19%x1073 28.715 0.008 1.96
0.7 1x1077 1.99 72.464 848 x 1074 71.55 0.008 1.96
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B,=
with 7 for fixed values of M, By, B; and B;. This shows
that at first —log Cr increases as 7 increases and takes
an asymptotic value for large t. Decrease of Cr, and
Cr, with the increment of = implies that the critical M,
increases, in other words t stabilizes the system for
M’ > 0. This result can be visualized in Table 1, which
is obtained for M'=5, B,=0.1 and B;=B;=0.

Fig. 5. Variation of M_ with log B/ for 1=0.07, B,=0.1,
B;=0and M'=5.
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Fig. 7. M_ versus M’ for 1=0.07, Cr=0.001, B,=B/=0.
— for B,=0.1, - - - for B4=0.

It is to be noted that if we consider negative values
of M’, which corresponds to either salted from below
or for the negativity of y’, then Cr increases initially for
small values of t and gradually takes the asymptotic
value for large 7. This shows that 7 destabilizes the
system for M’ < 0. This result confirms the earlier find-
ings of Sengupta and Gupta [23] in absence of the
rotation parameter Y in their paper. Figure 3 shows
that Cr, decreases with increasing B; and ultimately
takes an asymptotic value for large B;. Thus, as the
conductivity of the free surface increases the system
stabilizes. This result was also obtained by McTaggart
[18]. Figure 4 depicts the variation of Cr, and Cr,
with B; for M'> 0. It is clear from Figure 4 that the
effect of deformation is experienced for small values of
B/, i.e. for an impermeable boundary Cr is maximum.
In otherwords, an impermeable boundary enhances
the instability mechanism for M’> 0. Figure 5 con-
firms the above stated result more distinctly. Figure 6
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Fig. 8. Cr, x 10* versus M’ for t = 0.07, B,= 0.1, B,=B/=0.

shows the variation of M with M’ for a particular set
of combinations of B; and B; . It is clear from the figure
that the results obtained here are in agreement with
the results of Figs. 3—5. Figure 7 gives the variation of
M_ with M’ for different values of B,. Figure 8 shows
that Cr, increases with M’ and takes an asymptotic
value for large M'. Thus, for M’ > 0 the system desta-
bilizes whereas for M’ <0 Cr, decreases as M’ de-
creases, implying stabilization.

5. Conclusion

We have examined the thermosolutal convection
problem in the frame of linearised stability analysis by
assuming deformation of the free surface. This study
states that surface deformation plays an important
role in the calculation of the critical Marangoni num-
ber for the stationary convection problem. Further we
shall see in the accompanying paper [24] that the fre-
quency of the oscillatory mode and the Crispation
number (Cr) are strongly coupled for large values of
the latter. To understand the effect of surface deforma-
tion on the stability characteristics of this thermosolu-
tal problem in detail, stationary and oscillatory modes
of instability in the presence of buoyancy shall be
considered in future studies.

Acknowledgement

We express our sincere thanks to the Referee for his
suggestions to improve the contents of this paper.



560 B. S. Dandapat and B. P. Kumar - Thermosolutal Convection in a Liquid Layer

[1] J. R. A. Pearson, J. Fluid Mech. 4, 489 (1958).
[2] D. A. Nield, J. Fluid Mech. 19, 41 (1964).
[3] G. A. McConaghy and B. A. Finlayson, J. Fluid Mech.
39, 49 (1969).
[4] G. Lebon and A. Cloot, Acta Mechanica 43, 141 (1982).
[5] B. S. Dandapat, Z. Naturforsch. 45a, 1235 (1990).
[6] L. E. Scriven and C. V. Sternling, J. Fluid Mech. 19, 321
(1964).
[7] K. A. Smith, J. Fluid Mech. 24, 401 (1966).
[8] R. W. Zeren and W. C. Reynolds, J. Fluid Mech. 53, 305
(1972).
[9] S. H. Davis and G. M. Homsy, J. Fluid Mech. 98, 527
(1980).
[10] M. Takashima, J. Phys. Soc. Japan 50, 2745 (1981).
[11] M. Takashima, J. Phys. Soc. Japan 50, 2751 (1981).
[12] R. D. Benguria and M. C. Depassier, Phys. Fluids
30 (6), 1678 (1987).
[13] R. D. Benguria and M. C. Depassier, Phys. Fluids
A1(7), 1123 (1989).
[14] W.R. Wilcox, Preparation and Properties of Solid State
Materials, Vol. 1, Aspects of Crystal Growth, Marcel
Dekker Co., 1971.

[15] Ch. H. Chun and D. Schwabe, in: Convective Transport
and Instability Phenomna (J. Zierep and H. Oertel, Jr.,
eds.), G. Braun, Karlsruhe 1982.

[16] D. T. J. Hurle, Hydrodynamics in Crystal Growth and
Materials (E. Kaldis and H. J. Scheel, eds.), North Hol-
land, Amsterdam 1977.

[17] G. Veronis, J. Mar. Res. 23, 1 (1965).

[18] C. L. McTaggart, J. Fluid Mech. 134, 301 (1983).

[19] M. J. Tan, S. G. Bankoff, and S. H. Davis, Phys. Fluids
A2, 313 (1990).

[20] V. S. Avduyevsky, Scientific Foundations of Space
Manufacturing, Mir Publishers, Moscow 1984.

[21] S. Chandrasekhar, Hydrodynamic and Hydromagnetic
Stability, Oxford University Press, London 1961.

[22] A. Vidal and A. Acrivos, Phys. Fluids 9, 615 (1966).

[23] S. Sengupta and A. S. Gupta, ZAMP 22, 906 (1971).

[24] B. S. Dandapat and B. P. Kumar, Z. Naturforsch. 47a,
561 (1992).



